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N 4� �QqJ	̂ �f�$�nH	��~}##$P0ag^Tdn=* 417GO.`f
.?}b|""�pA [1,5,6,8]u.G.?}b|""�T�9Ty8�Vb
℄�p2G)e��^8FD7JJuD{G}b|"�%�'Ju"IJuZXh5kG�%-f�℄�5kGO.
}b�*��J�| [10]u.x4eNByG:? (reduced-order)|""�I| [1,5,6,8]�kGH�_F}b|"�%GVbd*UD5kG�lO. y = x1 Ge�"��℄'%BT�9Ty8�Vb
℄�p2��l�4�jU3�w{�\9��}b|"�%G7JJu"�e�HB�le�"
℄�p2TMP3e{��4q�| [10]<)G:?|""#<)V��IAGZO.)e (�6�
y = (x1, · · · , xr)

T, r > 1).�|iT-O4l�O7ZO. (SIMO)℄�e�"�lGO.`fbl"G<)~h�j�=74t��?|""�yU"Lu.xO.`f℄Sbl�G<)�BFB�lGe�"#℄�p2�w&T��P3w{����lw.R7J}S�B�lG℄�p2�w&T��P3�w{����lwo�:;�DD}S�_=IG��?|"",�x.?|""UDGBP [1,5,6,8],F�Yx:ÆgDG.�T|"�%Vbd*oG[qe�"� [10],℄'IAG SIMO�l (6 y = (x1, · · · , xr)
T, r > 1)Gbl<)~h�

1 $�NO�S8�|9AD8�G+��YuSG�w�S_X ,XT�E |k
 ‖X‖�E�w X G EuclidbS�C�wC.GS_bS
B X wd_�� tr(X)�E
X G �%X GY<LYd
� I �E�{S_ (xS9vT:�|℄S).YuSG�w x = (x1, · · · , xn)T, x[i] �E (x1, · · · , xi)

T; x[i,j] �E (xi, · · · , xj)
T 
 x̂�E �?G|""G}b� x̃�E|"�%�% x̃ = x − x̂. YuSG�w x,

|x|�E WYf�w3�!4�T�jG=!��G)e����9>��SG��w��L 1[4] Y44 R+ → R+�S δ(·),6�at(�,sOX�'	� δ(0) =

0
 lim
µ→∞

δ(µ) = ∞,W( w K∞ �S�Y6�℄�e�"���l
dx = f(t, x)dt+ g(t, x)udt+ h(t, x)dw, o wwIBxSG�� BrownRV�S;To�a2 (Ω ,F ,P)d:� o Ωw1�a2� F w σ->S8� P wo�"X�S;tg[� L:

LV (t, x) =
∂V (t, x)

∂t
+
∂V (t, x)

∂x
f(t, x) +

∂V (t, x)

∂x
g(t, x)u

+
1

2
tr

{

∂2V (t, x)

∂x2
h(t, x)hT(t, x)

}

, o V (t, x)w44{G�2 t45t(^C�{G x^5t(^C�S�
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418 q�℄+ E! ��℄+ N 34V�Æ��Q6��bl�AG℄�e�"���l
dx = f(t, x)dt + h(t, x)dw (1)=7vt}S"o���L 2[9] [��l (1), o f(t, 0) = 0
 h(t, 0) = 0.< {x(t), t > 0}H�l (1)G-C}bw x(0)GC�*�6�Y4:G ε > 0,WD
lim

x(0)→0
P

{

sup
t>0

‖x(t)‖ > ε

}

= 0,�'Y4:-C}b x(0),

P
{

lim
t→∞

x(t) = 0
}

= 1,W(C x(t) = 0��l (1)w.R7J}SG��L 3[9] Y�l (1),6�aG_DC�* {x(t), t > 0}W	�
lim

c→∞
sup

06t<∞
P {‖x(t)‖ > c} = 0,W(dwo�:;�DD�Y?G:Rvt}S"o��D6���Sn�a9T�ÆGbl<)o!{5�A��. 1 [�℄�e�"�l (1).6�9T���S V (t, x), {G�2 t45t(^C�{G x^5t(^C�'	�

W1(x) 6 V (t, x) 6 W2(x), LV (t, x) 6 −c1V (t, x) + c2, o W1(x) 
 W2(x) waSGN��D�S� c1 > 0 
 c2 > 0 w'S�W a)�l (1)&�33 (almost surely)Dv4C
 b)�l (1)o�:;�DD
 c)I4��6�D f(t, 0) = 0 
 h(t, 0) = 0, ∀t, �9T4t(aSGN��D�S
W (x)BF

LV (t, x) 6 −W (x),�
�l (1)w.R7J}S�R C| [9] GM8YSn 4.1
M�YSn 4.4,8#| [11]GM8YSn 2
M 13A��!Z| [7] oSn 2.5Gb��*���^859Lb��Sn�
2 B=0:
2.1 C>1H
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dχ = σ0(t, χ, x)dt+ σ1(t, χ, x)dw,

dx1 = x2dt+ f1(x[1])dt+ ψ1(t, χ, x)dt+ ϕ1(x1)dw,

...

dxr = xr+1dt+ fr(x[r])dt+ ψr(t, χ, x)dt+ ϕr(x1)dw,

dxr+1 = xr+2dt+ fr+1(y)dt+ ψr+1(t, χ, x)dt+ ϕr+1(x1)dw,

...

dxn = udt+ fn(y)dt+ ψn(t, χ, x)dt+ ϕn(x1)dw,

y = x[r],

(2)

 o x ∈ R
n, u ∈ R 
 y ∈ R

r g�w�lG}b�blO7
^w"O.

χ ∈ R

n0 H�lG�^|"}b� Vb��y (%�S σ0 (t, χ, x)
 σ1(t, χ, x)Xy) 
 w ∈ R
m wS;To�a2 (Ω ,F ,P) d:G�� BrownRV� o

Ω w1�a2� F w σ->S8� P wo�"X
 fi(x[i]) (i = 1, · · · , r)
 fi(y)

(i = r + 1, · · · , n)w�lG78� (7)Vbe"
 ψi(t, χ, x) (i = 1, · · · , n)w�lGy8� (y)Vbe"
 ϕi(x1) (i = 1, · · · , n)w�R℄�p2�w&&XG�S��|GB�w28qT6�0<i6:�
A1) YG�^|"}b χ, 9T���S V0(t, χ), a{G�2 t 45t(^C�{G χ^5t(^C�'9TaSGN��D�SW01 (χ)
W02(χ),K∞�S δ(·),~��S δ0(·) : δ0(0) = 0#'S c > 0, γ0 > 0,BF

W01(χ) 6 V0(t, χ) 6 W02(χ),LV0(t, χ) 6 −cV0(t, χ) − γ0δ (‖χ‖) + x1δ0(x1).

A2)e�"�S fi(·) (i = 1, · · · , n)
 ϕi(·) (i = 1, · · · , n)7'~���	� fi(0) = 0 (i = 1, · · ·, n).

A3) 9T K∞ �S π(·), ek~��S δi(·): δi(0) = 0 (i = 1, · · · , n) 
'S γi > 0 (i = 1, · · · , n), By8�Vb�g ψi(t, χ, x) (i = 1, · · · , n) 	�
|ψi|

2 6 γiπ (‖χ‖) + x2
1δi(x1) (i = 1, · · ·, n).

A4)9T'S γ > 0,BF δ(µ) > γπ(µ), ∀µ ∈ [0, ∞).X 1 �l (2)G}bgwv�g�4�gHVb��y'�^|"G}b χ,}4�gH^e=w"�^|"G}b x. \v�g}b^8H��5k�����G��^|"}b χ G}S"M xGVbe"G���k��xG}S"3M χGVbe"G���0< A1)�Rx�^|"}b χGVbe"�2*a�HT}b xw{�HgS}SG�℄'Y�lGy8�VbUD4SG}SKX� oG� x1δ0(x1)ÆSx}b xY�^|"}b χG}S"G��*X�YG	�\4ÆSG�^|"}b χ,��^j�<)IBGbl"�1
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xYaG}S"G���6℄A�Y�^|"}b χG℄Sbl�lXL�w�yU"<).4tO.`f℄Sbl"�j�0< A3)Y�lG `y8��g3
xÆS�0< A1)∼A3)U��B�9T℄�p2��Y��lG��PwMP�0< A4)`�x�^|"Vb�gG}SKXIy8�Vb�gd2G{��abxTbl"<)���lGy8�VbY�^|"}bG}S"G��^EyG�^|"}bG}SKXH8�1��l (2)^m�)6�G7 D�






























dχ = σ0(t, χ, x)dt + σ1(t, χ, x)dw,

dy =
[

Ary +Brxr+1 + F[r](y) + Ψ[r](t, χ, x)
]

dt+H[r](x1)dw,

dx[r+1,n] =
[

An−rx[r+1,n] +Bn−ru+ F[r+1,n](y) + Ψ[r+1,n](t, χ, x)
]

dt

+H[r+1,n](x1)dw,

(3) o
Ar =











0

...
I

0 0 · · · 0











(r×r)

, Br =

















0

...

0

1

















(r×1)

,

F =











f1
...

fn











, Ψ =











ψ1

...

ψn











, H =











ϕ1

...

ϕn











.

2.2 *T2�|G��H<)��?|""#O.`fbl"
˙̂x = ϑ(x̂, y), u = µ(x̂, y), (4)BF���l (2)∼(4) G{Cwo�:;�DD�e�L�B ϕi(0) = 0 (i =

1, · · · , n)�����lG{Cw.R7J}S�
3 9��-,V7#T�A���L	<)4��?}b|""���G4|""u.�l.�}bGz)�0�SyU"Lu.℄Sbl"G<)�*�CG�l (2)G}b�* xG$ rtgw x1, x2, · · ·, xr 7L^8j��lGO.e=FD�_8h&w� n− r tgw xr+1, · · ·, xn <)|""�C�"�ln��B�l (2)p�w�"�l'� `yp2�� }b|""G��?w� n− r� [12].

3.1 ��36"
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N 4� �QqJ	̂ �f�$�nH	��~}##$P0ag^Tdn=* 421+ q(t) = dy − Arydt − F[r](y)dt, �C (3)D�I1L� q(t) = Brxr+1dt +

Ψ[r](t, χ, x)dt +H[r](x1)dw.6� q(t)^AG`f<)�W^<).��?|""�
dx̂[r+1,n] = Dx̂[r+1,n]dt+Bn−rudt+ F[r+1,n](y)dt+Gq(t), (5) o D = An−r − GBrC

T
n−r, Cn−r = (1 0 · · · 0)T ∈ R

n−r, G = [gij ] ∈

R
(n−r)×rw4?S!SS_�AH�CG�^"}b xr+1 ,y�SΨ[r](t, χ, x)8#℄�p2 wG9T�d* (5)��AG`f<)�wx_i\4h����S;4�G�w�

ξ = x̂[r+1,n] −Gy. (6)C4# (5)D^F
ξ̇ = Dξ +Bn−ru+ F[r+1,n](y) −GF[r](y) + (DG−GAr)y. (7)
0� ξ ^yU�6℄^AG`fbl<)�C (6)
 (7)D���FD�^"}b�w x[r+1, n] G4try� x̂[r+1,n] =

ξ +Gy, |"�%w
x̃[r+1,n] = x[r+1,n] − x̂[r+1,n] = x[r+1,n] − ξ −Gy. (8)

x̃[r+1,n]	�6�Vbd*�
dx̃[r+1,n] =

[

An−rx[r+1,n] +Bn−ru+ F[r+1,n](y) + Ψ[r+1,n](t, χ, x)
]

dt

+H[r+1,n](x1)dw − [Dξ +Bn−ru+ F[r+1,n](y)

−GF[r](y) + (DG−GAr)y]dt

−G[Arydt+BrC
T
n−rx[r+1,n]dt+ F[r](y)dt

+ Ψ[r](t, χ, x)dt+H[r](x1)dw]

=Dx̃[r+1,n]dt+ Ψ(t, χ, x)dt+H(x1)dw, (9) o Ψ(t, χ, x)=Ψ[r+1,n](t, χ, x)−GΨ[r](t, χ, x), H(x1)=H[r+1,n](x1)−GH[r](x1).+S_ G G��4yw (kr+1, · · · , kn)T, �'Z�D sn−r + kr+1s
n−r−1 +

· · · + kn−1s+ kn w Hurwitz,W (n− r) × (n− r)S_
D =











−kr+1

...
I

−kn 0 · · · 0









w,s}SG�<4�9T4aSS_ P 	�
DTP + PD = −I. (10)94�6�y8�Vb�g
℄�p2�9T�%Ψ(t, χ, x) ≡ 0
H(x1) ≡

0,�
 (9)D�w
˙̃x[r+1,n] = Dx̃[r+1,n]. (11)
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422 q�℄+ E! ��℄+ N 34VI℄�CDG}S"�|"�% x̃[r+1,n].R7J}S�\:z��^"}b�w (xr+1, · · · , xn)T ^C ξ +GyÆ�Lry�4��=|"" (7)Gr`�lw
dχ = σ0(t, χ, x)dt+ σ1(t, χ, x)dw,

dx̃[r+1,n] = Dx̃[r+1,n]dt+ Ψ(t, χ, x)dt+H(x1)dw,

dy =
[

Ary +Br(x̃r+1 + ξ1) +BrC
T
n−rGy + F[r](y) + Ψ[r](t, χ, x)

]

dt

+H[r](x1)dw,

dξ =
[

Dξ +Bn−ru+ F[r+1,n](y) −GF[r](y) + (DG−GAr)y
]

dt.

(12)X 2 pA| [1,8,10]Gd_���3^8FD�k DG:?���?}b|""����/:�D|"" (7)�1�G:?*X
Ju"��6�/| [1,8]G<)V��^FD6�|""�
˙̂x[r,n] = An−r+1x̂[r,n] +K[r,n](xr − x̂r) +Bn−r+1u+ F[r,n](y), o x̂[r,n] �E x[r,n]Gz)�K[r,n] = (kr, · · · , kn)

T w<)!S�w�BFZ�D sn−r+1 + krs
n−r + · · · + kn−1s+ kn w Hurwitz.~ x̃[r,n] = x[r,n] − x̂[r,n] w|"�%�W

dx̃[r,n] = Srx̃[r,n]dt+ Ψ[r,n](t, χ, x)dt +H[r,n](x1)dw, o
Sr =











−kr

...
I

−kn 0 · · · 0









w,s}SS_�94�4�\0By8�Vb�g
℄�p2�9T��|"�% x̃[r,n],I℄ x̃7JJuG{�A|""H n− r + 1?G��H��?|""�S�6�/| [10]G<)V����^8FD}b xi (i = r+ 1, · · · , n)Gry x̂i = ξi + kixr (i = r+ 1, · · · , n), o ξi (i = r + 1, · · · , n)w6�|""G}b
ξ̇r+1 = ξr+2 + kr+2xr − kr+1 (ξr+1 + kr+1xr) ,

ξ̇i = ξi+1 + ki+1xr − ki (ξr+1 + kr+1xr) , i = r + 2, · · · , n− 1,

ξ̇n = u− kn (ξr+1 + kr+1xr) ,

(13) o<)!S ki (r + 1 6 i 6 n)G)VBFS_ Sr+1 w,s}SG��
|"�% x̃[r+1,n] = (xr+1 − ξr+1 − kr+1xr, · · · , xn − ξn − knxr)
T 	�

dx̃[r+1,n] = Sr+1x̃[r+1,n]dt+ f(y)dt+ ψ(t, χ, x)dt+ ϕ(x1)dw, (14)
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f(y) = (fr+1(y) − kr+1fr(y), · · · , fn(y) − knfr(y))

T,

ψ(t, χ, x) = (ψr+1(t, χ, x) − kr+1ψr(t, χ, x), · · · , ψn(t, χ, x) − knψr(t, χ, x))
T,

ϕ(x1) = (ϕr+1(x1) − kr+1ϕr(x1), · · · , ϕn(x1) − knϕr(x1))
T,C4���Z.�\04�G|""G?SH n− rG�H��G�A}bz)�%GJu"/�8g�x��6�Ty8�Vb�g
℄�p2�9T��% Ψ(t, χ, x) ≡ 0
 H(x1) ≡ 0,}bz)�%d* (14)�w

˙̃x[r+1,n] = Sr+1x̃[r+1,n] + f(y).I (11)D�kGH�43Zx4e�"� f(y).CGl�G9T�4�jUz)�% x̃[r+1,n]Q�4S+�G{x�4q�|"" (13)hIAG 6 y = x1G�O.�l�℄�IAG 6 y = x[r](r > 1)GZO.�l ({G4P��9T�Æ
I4�Gg�).

3.2 *T6"�T��w�l (12)<)bl" u(y, ξ),BF���lo�:;�DD��'Be�"#℄�p2�w&T��P3�G�����l.R7J}S�L	S;�G}b���






zi = xi − αi−1(x[i−1]), i = 1, 2, · · · , r,

zi = ξi−r − αi−1(y, ξ[i−r−1]), i = r + 1, · · ·n,
(15)�OS α0(x[0]) ≡ 0, zn+1 ≡ 0.43�αi (i = 1, · · · , n− 1)w?SG~��S�(dw'�bl
 αn = u(y, ξ)w?SA-bl
�' αi (i = 1, · · · , n)TMP3,��"�% α1(0) = · · · = αr(0) = αr+1(0, 0) = · · · = αn(0, 0) = 0.T��w z���l (12)�w

dχ = σ0(t, χ, x)dt+ σ1(t, χ, x)dw,

dx̃[r+1,n] = Dx̃[r+1,n]dt+ Ψ(t, χ, x)dt+H(x1)dw,

dzi = (zi+1 + αi)dt+ Ωi(x[i])dt + Θi(t , χ, x )dt + Φi(x1 , x[i−1 ])dw ,

i = 1, · · · , r − 1,

dzr = (zr+1 + αr)dt+ x̃r+1dt+ Ωr (y)dt + Θr (t , χ, x )dt

+Φr(x1, x[r−1])dw,

dzr+i = (zr+i+1 + αr+i)dt−
∂αr+i−1

∂xr

x̃r+1dt+ Ωr+i(y, ξ[i])dt

+Θr+i(t, χ, x)dt+ Φr+i(y, ξ[i−1])dw, i = 1, · · · , n− r − 1,

dzn = udt−
∂αn−1

∂xr

x̃r+1dt+ Ωn(y, ξ[n−r ])dt + Θn(t , χ, x )dt

+Φn(y, ξ[n−r−1])dw,

(16)
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Φi = ϕi(x1) −

i−1
∑

j=1

∂αi−1

∂xj

ϕj(x1), i = 1, · · · , r;

Φr+i = −

r
∑

j=1

∂αr+i−1

∂xj

ϕj(x1), i = 1, · · · , n− r,

Ωi = fi −

i−1
∑

j=1

∂αi−1

∂xj

[xj+1 + fj ] −
1

2

∑

j, k∈{1,···,i−1}

∂2αi−1

∂xj∂xk

ϕjϕ
T
k ,

i = 1, 2, · · · , r − 1,

Ωr = fr +

r
∑

j=1

g1jxj −

r−1
∑

j=1

∂αr−1

∂xj

[xj+1 + fj] −
1

2

∑

j, k∈{1,···,r−1}

∂2αi−1

∂xj∂xk

ϕjϕ
T
k ,

Ωr+i = fr+i(y) − kr+iξ1 −

r
∑

j=1

gijfj + [DG−GAr]iy −

r−1
∑

j=1

∂αr+i−1

∂xj

xj+1

−

r
∑

j=1

∂αr+i−1

∂xj

fj(x[j]) −
∂αr+i−1

∂xr

(

ξ1 +

r
∑

i=1

g1ixi

)

−

i−1
∑

j=1

∂αr+i−1

∂ξj

×

(

−kr+jξ1 + ξj+1 + fr+j + [DG−GAr]jy +
r
∑

k=1

gjkfk

)

−
1

2

∑

j, k∈{1,···,r}

∂2αi−1

∂xj∂xk

ϕjϕ
T
k , i = 1, · · · , n− r,

Θi = ψi −

i−1
∑

j=1

∂αi−1

∂xj

ψj , i = 1, · · · , r;

Θr+i = −

r
∑

j=1

∂αi−1

∂xj

ψj , i = 1, · · · , n− r.43� [DG−GAr]i�ECS_ DG−GAr GM i!y)G rx!�w�)V Lyapunov�S V (·, ·) : R
n−r × R

n → R :

V = x̃T
[r+1,n]P x̃[r+1,n] +

n
∑

i=1

Ξi(z[i−1])z
2
i , o P > 0w (10)DGv4aSC� Ξi(z[i−1]) > 0(i = 1, · · · , n)w?SG~�/-�S�RA6fxD (Itô formula),C (10)
 (16)D��D

LV = −‖x̃[r+1,n]‖
2 + 2x̃T

[r+1, n]PΨ + tr{H
T
PH} +

n
∑

i=r

Mix̃r+1zi

+2

n
∑

i=1

Ξi(zi+1 + αi + Ωi + Θi)zi +

n
∑

i=2

i−1
∑

j=1

∂Ξi

∂zj
(zj+1 + αj + Ωj + Θj )z

2
i

+
1

2

n
∑

i=1

tr

{

∂2(Ξiz
2
i )

∂z2
[i]

[ΦT
1 , · · · , ΦT

i ]T[ΦT
1 , · · · , Φ

T
i ]

}

, (17)
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Mr = 2Ξr , Mr+1 =

∂Ξr+1

∂zr

zr+1 − 2Ξr+1
∂αr

∂xr

,

Mi =
∂Ξi

∂zr

zi −

i−1
∑

j=r+1

∂Ξi

∂zj

∂αj−1

∂xr

zi − 2Ξi

∂αi−1

∂xr

, i = r + 2, · · · , n.C0< A3)∼A4),ID (17)E�M^�	��
2x̃T

[r+1, n]PΨ 6 ε1‖x̃[r+1, n]‖
2 +

‖P‖2

ε1
‖Ψ‖2

6ε1‖x̃[r+1, n]‖
2 +

‖P‖2

ε1

(

‖G‖2 + 1
)

n
∑

i=1

[

γi

γ
δ (‖χ‖) + x2

1δi(x1)

]

, (18)43#�|oG ε1, ε0,ε2 
 κi, ε2i,βi (i = 1, · · · , n) w?SG;G{G<)!S�YID (17)E�GMW��DID
n
∑

i=r

Mix̃r+1zi =
ε2

2
|x̃r+1|

2 −
ε2

2

∣

∣

∣

∣

∣

x̃r+1 −
1

ε2

n
∑

i=r

Mizi

∣

∣

∣

∣

∣

2

+
1

ε2

n
∑

i=r

i−1
∑

j=r

MiziMjzj +
1

2ε2

n
∑

i=r

M2
i z

2
i . (19)}q�C0< A3)∼A4)^oF

2

n
∑

i=1

ΞiΘizi = 2

r
∑

i=1

Ξiziψi − 2

n
∑

i=1

Ξizi

min{i−1, r}
∑

j=1

∂αi−1

∂xj

ψj

6

r
∑

i=1

[

Ξ 2
i z

2
i +

γi

γ
δ (‖χ‖) + z2

1δi(z1)

]

+
n
∑

i=1

min{i−1, r}
∑

j=1

[

(

∂αi−1

∂xj

)2

Ξ 2
i z

2
i +

γj

γ
δ (‖χ‖) + z2

1δj(z1)

]

(20)

n
∑

i=2

i−1
∑

j=1

∂Ξi

∂zj

Θjz
2
i =

n
∑

i=2





min{i−1, r}
∑

j=1

∂Ξi

∂zj

ψj −

i−1
∑

j=1

∂Ξi

∂zj

min{j−1, r}
∑

k=1

∂αj−1

∂xk

ψk



 z2
i

6
1

2

n
∑

i=2

min{i−1, r}
∑

j=1

[

(

∂Ξi

∂zj

)2

z4
i +

γj

γ
δ (‖χ‖) + z2

1δj(z1)

]

+
1

2

n
∑

i=2

i−1
∑

j=1

min{j−1, r}
∑

k=1

[

(

∂Ξi

∂zj

)2 (
∂αj−1

∂xk

)2

z4
i

+
γk

γ
δ (‖χ‖) + z2

1δk(z1)

]

. (21)
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(

yT, ξT
)T

. WC}b�� (15),9T~��S ϑi(·) (i = 1, · · ·, n),BF z[i] = ϑi(X[i]) (i = 1, · · ·, n). C ϕi(·), αi(·) 
 ϑi(·) (i = 1, · · · , n)G~�"
H, Φi ^�gC)6� D�

H(x1) = H(z1) = H(0) +H11(z1)z1,

Φ1(x1) = ϕ1(z1) = ϕ1(0) + Φ11(z1)z1,

Φi(X[i−1]) = Φi(z[i−1]) = Φi(0) +

i−1
∑

j=1

Φij(z[j])zj , i = 2, · · · , n, o H(z1),Φ11(z1)
 Φij(z[j]), i = 2, · · · , n, j = 1, · · · , i− 1w~��S��'
H(0) = H[r+1,n](0) −GH[r](0)^AGbl<)�<4���D
tr{H(x1)PH

T
(x1)} = tr

{

[

H(0) +H11(z1)z1
]

P
[

H(0) +H11(z1)z1
]T
}

= tr
[

H(0)PH
T
(0)
]

+ tr
{

[

2H(0) +H11(z1)z1
]

PH
T

11(z1)
}

z1

(22)

1

2

n
∑

i=1

tr

{

∂2(Ξiz
2
i )

∂z2
[i]

[ΦT
1 , · · · , ΦT

i ]T[ΦT
1 , · · · , ΦT

i ]

}

=
1

2

n
∑

i=1

tr























∂2Ξi

∂z2
[i−1]

z2
i 2

∂Ξi

∂z[i−1]
zi

2

(

∂Ξi

∂z[i−1]

)T

zi 2Ξi





















Φ1

...

Φi





















Φ1

...

Φi











T











=
1

2

n
∑

i=1

tr























∂2Ξi

∂z2
[i−1]

zi 2
∂Ξi

∂z[i−1]

2

(

∂Ξi

∂z[i−1]

)T

0





















Φ1

...

Φi





















Φ1

...

Φi











T











zi

+Ξ1

[

ϕ1(0) + Φ11(z1)z1
] [

ϕ1(0) + Φ11(z1)z1
]T

+
n
∑

i=2

Ξi



Φi(0) +
i−1
∑

j=1

Φij(z[j])zj







Φi(0) +
i−1
∑

j=1

Φij(z[j])zj





T

6
1

2

n
∑

i=1

tr























∂2Ξi

∂z2
[i−1]

zi 2
∂Ξi

∂z[i−1]

2

(

∂Ξi

∂z[i−1]

)T

0





















Φ1

...

Φi





















Φ1

...

Φi











T











zi

+Ξ1

[

ϕ1(0) + Φ11(z1)z1
] [

ϕ1(0) + Φ11(z1)z1
]T

+2
n
∑

i=2

Ξi‖Φi(0)‖2 + 2
n
∑

i=2

iΞi

i−1
∑

j=1

Ξ−1
j ‖Φij(z[j])‖

2Ξjz
2
j . (23)
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LV 6 −‖x̃[r+1,n]‖

2 + tr
[

H(0)PH
T
(0)
]

+ tr
{

[

2H(0) +H11(z1)z1
]

PH
T

11(z1)
}

z1

+ε1‖x̃[r+1, n]‖
2 + 2

n
∑

i=1

Ξi(zi+1 + αi + Ωi)zi

+

n
∑

i=2

i−1
∑

j=1

∂Ξi

∂zj

(zj+1 + αj + Ωj )z
2
i

+
‖P‖2

ε1

(

‖G‖2 + 1
)

n
∑

i=1

[

γi

γ
δ (‖χ‖) + z2

1δi(z1)

]

+
1

2ε2

n
∑

i=r

M2
i z

2
i

+
ε2

2
|x̃r+1|

2 −
ε2

2

∣

∣

∣

∣

∣

x̃r+1 −
1

ε2

n
∑

i=r

Mizi

∣

∣

∣

∣

∣

2

+
1

ε2

n
∑

i=r

i−1
∑

j=r

MjzjMizi

+

r
∑

i=1

[

Ξ 2
i z

2
i +

γi

γ
δ (‖χ‖) + z2

1δi(z1)

]

+

n
∑

i=1

min{i−1, r}
∑

j=1

[

(

∂αi−1

∂xj

)2

Ξ 2
i z

2
i +

γj

γ
δ (‖χ‖) + z2

1δj(z1)

]

+
1

2

n
∑

i=2







min{i−1, r}
∑

j=1

[

(

∂Ξi

∂zj

)2

z4
i +

γj

γ
δ (‖χ‖) + z2

1δj(z1)

]

+

i−1
∑

j=1

min{j−1, r}
∑

k=1

[

(

∂Ξi

∂zj

)2(
∂αj−1

∂xk

)2

z4
i +

γk

γ
δ (‖χ‖) + z2

1δk(z1)

]







+
1

2

n
∑

i=1

tr























∂2Ξi

∂z2
[i−1]

zi 2
∂Ξi

∂z[i−1]

2

(

∂Ξi

∂z[i−1]

)T

0





















Φ1

...

Φi





















Φ1

...

Φi











T











zi

+Ξ1

[

2ϕ1(0) + Φ11(z1)z1
]

Φ
T

11(z1)z1

+Ξ1ϕ1(0)ϕT
1 (0) + 2

n
∑

i=2

Ξi‖Φi(0)‖2 + 2

n
∑

i=2

iΞi

i−1
∑

j=1

Ξ−1
j ‖Φij(z[j])‖

2Ξjz
2
j .

(24)),/-�S Ξ1, Ξi(z[i−1]) (2 6 i 6 n)g�w
Ξ1 = κ1, Ξi =

κi

1 + ‖Φi(0)‖2 +

i−1
∑

j=1

Ξ−1
j ‖Φij(z[j])‖

2

, 2 6 i 6 n.C (24)D
�ID
2

n
∑

i=1

Ξiαi(0)zi

√

Ξi(0)

Ξi(z[i−1])
6

n
∑

i=1

[

Ξi

ε2i

z2
i + Ξi(0)ε2i(αi(0))2

]

6

n
∑

i=1

[

Ξi

ε2i

z2
i + κiε2i(αi(0))2

]

,
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LV 6 −c1‖x̃[r+1,n]‖

2 − c2δ (‖χ‖) −

n
∑

i=1

β̄iΞiz
2
i + ε0 [γ0δ (‖χ‖)− z1δ0(z1)]

+2

n
∑

i=1

Ξi

[

αi − αi(X[i]) + αi(0)

√

Ξi(0)

Ξi(z[i−1])|z[i−1]=ϑi−1(X[i−1])

]

zi + c3,

(25) o
c1 = 1 − ε1 −

ε2

2
,

c2 = ε0γ0 −

r
∑

i=1

γi

γ
−

‖P‖2

ε1

(

‖G‖2 + 1
)

n
∑

i=1

γi

γ
−

n
∑

i=1

min{i−1, r}
∑

j=1

γj

γ

−
1

2

n
∑

i=2





min{i−1, r}
∑

j=1

γj

γ
+

i−1
∑

j=1

min{j−1, r}
∑

k=1

γk

γ



 ,

β̄i = βi − 2

n
∑

j=i+1

jκj −
1

ε2i

, i = 1, · · · , n− 1 , β̄n = βn −
1

ε2n

;

α1 =

{

ε0

2Ξ1
δ0(z1) −

β1z1

2
− Ω1 −

1

2Ξ1
tr
{

[

2H(0) +H11(z1)z1
]

PH
T

11(z1)
}

−
1

2
Ξ1z1 −

1

2Ξ1

r
∑

i=1

δi(z1)z1 −
1

2

[

2ϕ(0) + Φ11(z1)z1
]

Φ
T

11(z1)

−
1

2Ξ1

n
∑

i=1

min{i−1, r}
∑

j=1

z1δj(z1)

−
z1

4Ξ1

n
∑

i=2





min{i−1, r}
∑

j=1

δj(z1) +
i−1
∑

j=1

min{j−1, r}
∑

k=1

δk(z1)











z1=x1

,

αi =

{

−
βizi

2
−

Ξi−1

2Ξi

zi−1 − Ωi −
zi

2Ξi

i−1
∑

j=1

∂Ξi

∂zj
(zj+1 + αj + Ωj )

−
zi

2
Ξi −

zi

2

i−1
∑

j=1

(

∂αi−1

∂xj

)2

Ξi −
1

4Ξi

i−1
∑

j=1

(

∂Ξi

∂zj

)2

z3
i

−
1

4Ξi

tr























∂2Ξi

∂z2
[i−1]

zi 2
∂Ξi

∂z[i−1]

2

(

∂Ξi

∂z[i−1]

)T

0





















Φ1

...

Φi





















Φ1

...

Φi











T











−
1

4Ξi

i−1
∑

j=1

j−1
∑

k=1

(

∂Ξi

∂zj

)2(
∂αj−1

∂xk

)2

z3
i







z[i]=ϑi(X[i])

, i = 2, · · · , r − 1,

αr =

{

−
βrzr

2
−

Ξr−1

2Ξr

zr−1 − Ωr −
zr

2Ξr

r−1
∑

j=1

∂Ξr

∂zj
(zj+1 + αj + Ωj )
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−
zr

2
Ξr −

zr

2

r−1
∑

j=1

(

∂αr−1

∂xj

)2

Ξr −
1

4Ξr

r−1
∑

j=1

(

∂Ξr

∂zj

)2

z3
r

−
1

4Ξr

tr























∂2Ξr

∂z2
[r−1]

zr 2
∂Ξr

∂z[r−1]

2

(

∂Ξr

∂z[r−1]

)T

0





















Φ1

...

Φr





















Φ1

...

Φr











T











−
1

4Ξrε2
M2

r zr −
1

4Ξr

r−1
∑

j=1

j−1
∑

k=1

(

∂Ξr

∂zj

)2(
∂αj−1

∂xk

)2

z3
r







z[r]=ϑr(X[r])

,

αi =

{

−
βizi

2
−

Ξi−1

2Ξi

zi−1 − Ωi −
zi

2Ξi

i−1
∑

j=1

∂Ξi

∂zj
(zj+1 + αj + Ωj )

−
zi

2

r
∑

j=1

(

∂αi−1

∂xj

)2

Ξi −
1

4Ξiε2
M2

i zi −
Mi

2Ξiε2

i−1
∑

j=r

Mjzj

−
1

4Ξi

tr























∂2Ξi

∂z2
[i−1]

zi 2
∂Ξi

∂z[i−1]

2

(

∂Ξi

∂z[i−1]

)T

0





















Φ1

...

Φi





















Φ1

...

Φi











T











−
1

4Ξi

r
∑

j=1

(

∂Ξi

∂zj

)2

z3
i

−
1

4Ξi

i−1
∑

j=1

(

∂Ξi

∂zj

)2 min{j−1, r}
∑

k=1

(

∂αj−1

∂xk

)2

z3
i







z[i]=ϑi(X[i])

,

i = r + 1, · · · , n;

c3 = tr
[

H(0)PH
T
(0)
]

+ κ1ϕ1(0)ϕT
1 (0) +

n
∑

i=2

κi

(

2‖Φ(0)‖2

1 + ‖Φ(0)‖2
+ ε2iα

2
i (0)

)

.

(26)<) αi (i = 1, · · · , n)w
αi(X[i]) = αi(X[i]) − αi(0)

√

Ξi(0)

Ξi(z[i−1])|z[i−1]=ϑi−1(X[i−1])
, (27)�
A-bl�w

u = αn. (28)9 (27)
 (28)D>7 (25)D�FD�
LV 6 −c1‖x̃[r+1,n]‖

2−c2δ (‖χ‖)−

n
∑

i=1

β̄iΞiz
2
i +ε0 [γ0δ (‖χ‖)− z1δ0(z1)]+c3. (29)

www.scichina.com



430 q�℄+ E! ��℄+ N 34V
3.3 6"Æ;�J56:ÆG<)�*^8Z.�6�)V<)!S ε0 , ε1, ε2
 κi, ε2i, βi (i = 1,

· · ·, n),BF6��ID)qH?g{5G�
c1 > 0, c2 > 0, β̄1 > 0, · · · , β̄n > 0. (30)�R=nd�x<)!SG),~h��Tb��*ou.x!S,fGbu#),d_�M. 1 �9TaG<)!S ε0, ε1, ε2 
 κi, ε2i, βi, (i = 1, · · · , n),BF�ID (30))q�R 4,<)!S κi > 0, ε2i > 0(i = 1, · · · , n), ε1 ∈

(

1,
1

2

)

, ε2 ∈ (0, 1),S,
βi > 2

n
∑

j=i+1

jκj +
1

ε2i

(i = 1, · · · , n− 1); βn >
1

ε2n

ε0 >

r
∑

i=1

γi

γ0γ
+

n
∑

i=1

‖P‖2

γ0γε1

(

‖G‖2 + 1
)

γi +
1

γ0γ

n
∑

i=1

min{i−1, r}
∑

j=1

γj

+
1

2γ0γ

n
∑

i=2





min{i−1, r}
∑

j=1

γj +

i−1
∑

j=1

min{j−1, r}
∑

k=1

γk



 .90b�ID (30))q�
3.4 WK'��RSnoix�|Gw2B���. 2 Y℄�e�"�l (2), 60< A1)∼A4) )q�!S ε0, ε1, ε2 

κi, ε2i, βi(i = 1, · · · , n) G)VBF�ID (30))q�W�G��?|"" (7)GO.`fbl (28)BF���l&�33T [0, ∞):9Tv4C��'���lwo�:;�DD�4q�B ϕi(0) = 0 (i = 1, · · · , n)�����lw.R7J}S�R T 3.2�Ao��7L<)xbl" (!4 (27)
 (28)D).<`t�lG Lyapunov�Sw Vc = ε0V0 + V ,�
C0< A1)
 (29)D�D
LVc 6 −ε0cV0 − c1‖x̃[r+1,n]‖

2 − c2δ (‖χ‖) −

n
∑

i=1

β̄iΞiz
2
i + c3 6 −c1Vc + c3, (31) o c1 = min

(

c, c1λ
−1
max(P ), β̄1, · · · , β̄n

)

. SC0< A1),D�ID ε0W01 + V 6

Vc 6 ε0W02 + V ,�' ε0W01 + V 
 ε0W02 + V waS�N��DG��
CSn 1,9F���l&�33T [0, ∞):9Tv4C��'wo�:;�DD�6� ϕi(0) = 0 (i = 1, · · · , n), W H(0) = 0,Φi(0) = 0 
 αi(0) = 0,I℄D
c3 = 0
 LVc 6 −c1Vc.<4�CSn 1^���l.R7J}S�
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N 4� �QqJ	̂ �f�$�nH	��~}##$P0ag^Tdn=* 431X 3 6� A|"" (13),�
TID (17)E�9Z.� 2x̃T
[r+1, n]Pf(y).Y4�G3nL	2j� Young’s�ID9 x̃[r+1, n] 
 f(y)gm�

2x̃T
[r+1, n]Pf(y) 6 ε3‖x̃[r+1, n]‖

2 +
‖P‖2

ε3
‖f(y)‖2, ε3 > 0, o ε3‖x̃[r+1, n]‖

2 ^j�ID (17)E�k�bl�℄Y ‖P‖2

ε3
‖f(y)‖2, \0B

r = 1 ��UD<S z2
1 , 6℄^8j�'�bl α1 H8K� [10], AB r > 1��< f(y)�I4�G0<��'C�g`oV���YG'�bl αi(i =

1, · · · , r−1),^w"}b xi+1 , · · · , xr �^A�_8 ‖P‖2

ε3
‖f(y)‖2��C'�bl

αi(i = 1, · · · , r−1)A�D�bl�}q�CG ‖P‖2

ε3
‖f(y)‖2�8 zi(i = r, · · · , n)w<��_83��C'�bl αi(i = r, · · · , n−1)#A-bl uK��<4��8A�Y� 2x̃T

[r+1, n]Pf(y)GD�bl�_8|"" (13)�IAGZO. (y = x[r],

r > 1)�l�X 4 C (27)
 (28)D^'�bl αi(i = 1, · · · , n−1)
A-bl u = αn,xTMP3G��"� c3 `�x���l}bGMbe"�C (26)D^8Z.�!S κi
 ε2i(i = 1, · · · , n)P��W c3 P��I4��C (31)D�6�2FD�G���l}bMb:D�^j�,�G!S κi 
 ε2i(i = 1, · · · , n)A��0℄�C'�bl#A-blG�:D9�!S κi
 ε2i(i = 1, · · · , n)P��bl�w9P;�%2�FD�G���l}bMb:D�&2j.;Gbl�w�
4 (/�|-Ox4lUD�^|"}b�y8�Vbe"
℄�p2G�O7ZO.℄�e�"�lGO.`f℄S~h�u.x��?}b|""
O.`f℄Sbl"G<)d_��G_<)G}b|""�u.x�l.�}bGz)�g�x}bz)�%GJu"�B�g`od_�yU"Lu.xO.`f℄Sbl�_<)Gbl"^b���lo�:;�DD�'Be�"#℄�p2T��P�G�����lw.R7J}S�_=IG��?|"",�x.?|""UDGBP�F�x.�T|"�%Vbd*oG[qe�"��℄'IAG SIMO�l (6 y = (x1, · · · , xr)

T, r > 1)Gbl<)~h�&I4�-OGH�B�lO.w y = Cx, o C w r × nS_��' 4:4!�yhD4tLYw 1 `>w 0��6�<)��?|""�yU,s`fe�"�lGO.`f℄Sbl<)�
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